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Summary: Some sources of error in the equilibrium in halation method for the measurement of oxygen extrac tion fraction and CMR02 by positron emission computed tomography scanning have been evaluated by computer simulation. Emphasis has been placed on errors that have not been thoroughly studied in past work. These include effects of random statistical errors, systematic errors in The measurement of CBF, CMR02, and regional extraction fraction of oxygen (OEF) by the contin uous inhalation of 150-labeled compounds and pos itron emission computed tomography (PET) has been used in a number of research laboratories throughout the world (Jones et aI., 1976; Subra manyam et aI., 1978; Fracowiak et aI., 1980; Ack erman et aI., 1981 Ack erman et aI., , 1984 Baron et aI., 1981 Baron et aI., , 1982 Finklestein et aI., 1981; Lammertsma et aI., 1981a Lammertsma et aI., , 1983a Lenzi et aI., 1982; Correia et aI., 1983; Le brun-Grandie et aI., 1983; Wise et aI., 1983) . The strengths and limitations of blood flow measure ments using continuous inhalation of CI502 have been extensively studied; those of CMR02 mea surements using both inhaled O2 and inhaled CO2 have been studied somewhat less (Lammert sma et aI., 1981a (Lammert sma et aI., , 1982 (Lammert sma et aI., , 1983a Jones et aI., 1982; Her scovich and Raichle, 1983; Meyer and Yamamoto, 1984) . The limitations that should be considered when applying these methods include (a) tissue in homogeneity effects, (b) variations of the partition coefficient of water, (c) diffusion limitations of The equilibrium inhalation method for the mea surement of CBF and CMR02 has been described in detail by several authors (Jones et aI., 1976; Sub ramanyam et aI., 1978; Baron et aI., 1982; Correia et aI., 1983) and will be outlined here only to estab lish notation. In this method both a CI502 and a 150 2 inhalation measurement are necessary, the former alone being sufficient to estimate CBF but both being necessary to estimate CMR02• The la beled gas is delivered to the subject at a constant rate in inhaled air. After 6-10 min of breathing, a secular equilibrium is established in the body such that the regional brain tissue concentration is con stant in time. Simple physiological models have been developed and used to relate the tissue radio activity concentrations estimated by PET and mea sured arterial blood values to the physiological quantities CBF and CMR02. The assumptions un derlying these models include (a) that the tissue under study is in physiological steady state, (b) that each tissue element is a single compartment, (c) that the concentration of radioactive tracer input to a tissue element is constant, (d) that the partition coefficient of H20 and the physical decay constant of 150 are known and constant, and (e) that H20 is freely diffusible in brain tissue. In the case of CBF measurement by CI502 inhalation, the operational equation of the model for a tissue element is
where CT is the measured concentration of labeled H20 in the tissue element, CH is the concentration of H2150 in arterial blood, f is the blood flow per volume of tracer distribution, A is the physical decay constant of 150, and p is the partition coef ficient of H20.
In the case of OEF estimation, a tissue concen tration measurement made during the continuous inhalation of 150 2 is combined with the CI502 tissue concentration measurement in the following oper ating equation:
(2) where C ; is the measured tissue concentration of labeled H20 during 02 inhalation, C � is the con centration of H2150 in arterial blood during O2 in halation, C� is the concentration of 150 2 in arterial blood during O2 inhalation, and E is the net OEF; the other quantities are as defined in Eq. I.
These two quantities, CBF and OEF, can be combined with an independent estimate of the ar terial content of oxygen in the following way to yield an estimate of the cerebral rate of 02 con sumption:
where M is the rate of O2 consumption and [02] is the oxygen content of arterial blood.
by computer simulation over a range of the physiological parameters f and E and with respect to other variables appropriate to each individual source of error. In the sub sections that follow, a more detailed description of each simulation study is given and sample results are presented in Figs. 1-6.
Random errors
The statistical errors in regional estimated isotope con centration from PET, including effects due to corrections for accidental coincidences, uniformity variations, photon attenuation, and scattered coincidences, can be estimated from measured projection data as shown by Alpert et al. (1982) and Huesman (1984) . For the purposes of the present discussion, these errors will be assumed to be known on a regional basis.
The relationships between the tissue concentration er rors and propagated statistical errors in estimates of OEF and CMR0 2 can be computed by a Ta ylor series expan sion. The variance of a function g of the random variables Xi may be estimated in the following manner:
where Var( g) and Var( x) denote variances and Cov(xi,x) denotes the covariance of Xi and xj• We assume, as IS usually the case, that higher-order terms in this expansion can be neglected.
Several workers (J ones et aI., 1982; Lammertsma et aI., 1982) have applied this approach to the study of the inhalation model for CBF estimation.
We have applied this approach to estimate the random error in the OEF and CMR0 2 • The square of the frac tional error in the extraction fraction is given by the fol lowing expression:
Since the computation of the CMR0 2 depends on both f and E, which in turn depend upon CT, the error prop agation expression for CMR0 2 must take into account the correlation introduced by this dependence, This can be done within the framework of Eq. 4 by computing the correlation coefficients between E and f due to the fact that both depend upon CT' When this is done, the fol lowing expression for the square of the statistical error in the metabolic rate is obtained:
where,
METHODS
A number of sources of error in the equilibrium method have been studied in this work. Each has been evaluated J Cereb Blood Flow Metabol, Vol. 5, No.4, 1985 and Var(CT)/CT has been given by other workers [see Lammertsma et al. (1982) for example]. The second expression is the correlation term, Note that it is negative in most instances and tends to reduce the error in CMROz below what it would be if no correlation existed.
Examples of the application of these expressions to a situation in which I x 106 true coincidence events are collected in a tomographic image are shown in Fig. I .
The value of (C�/C(') is taken to be 0.3, a typical value for most human studies, in these examples.
Systematic errors
Ef fects of errors in arterial blood values. A major source of experimental error is systematic error in arterial blood radioactivity concentrations. Statistical errors in blood radioactivity values can be made negligibly small because well counter measurements containing 106 events are easily obtainable from blood samples containing ;,00.1 /-lCi/ml of activity. However, systematic errors in blood values may arise from a number of different sources. These include errors in determination of blood weights, errors in PET camera/well counter cross calibration, er rors in correction for half-life, and errors due to other radioactivity counting effects.
To evaluate systematic errors in OEF and CMROz due to systematic errors in arterial blood radioactivity values, expressions relating systematic errors in the blood values to these physiological parameters were derived and eval uated over a range of typical situations.
As has been shown by Lammertsma et al. (1981a) , for CBF measurements the fractional error in CBF due to a systematic error in CH is given by (7) where the fractional systematic error in any quantity q is written as e (q) (here and in subsequent equations).
The extraction fraction depends on the three arterial blood values CH, C�, and C('). The effect of a systematic error in each of these quantities on the estimate of E is given by the following expressions:
where in each case all quantities but the blood value of interest were held constant. For given errors in these quantities, the systematic error in CMR0 2 is given by the following:
These expressions have been evaluated for a range of flow between 0.1 and 0.8 mllg/min and a range of OEF between 0.1 and 0.8. The results of this evaluation are shown in Fig. 2 . Again the value of (C�/C(') has been taken to be 0.3 in these examples.
Ef fects of drif t from equilibrium. Another potential source of systematic error in the continuous inhalation method arises from the fact that the arterial blood radio activity input to the brain must be kept constant during the entire time from the beginning of the inhalation period to the end of the measurement period. The effects of vari ations in the arterial input values for CBF methods by the continuous inhalation method have been studied by Meyer and Yamamoto (1984) . We present similar data calculated for the same situations that have been assumed for the OEF calculations that follow (see Fig. 4 ). To study the effects of small drifts in input, we have assumed that the arterial input radioactivity concentrations have the following form:
where To is the time at which a linear drift of rate m (f raction of Co/min) begins. This representation was chosen for its generality, since any slowly varying per turbation can be expanded in a Ta ylor series whose first term would be of this form. We expect that the net effect 
of such a perturbation would depend not only on m and
To, but on also the total imaging time T as well. The system differential equations for a single tissue compart ment having arterial inputs of the form of Eq. 10 were solved for a single tissue element. For large values of (f + 'A )t, the expressions for the tissue concentrations ct and Cr assume the following asymptotic forms: the error is in the CO 2 measurement, the error in CMRO, for a given F and E can be obtained from Eq. 9. -
Since there are a large number of possible combina tions of times for the occurrence of the linear drift, a limited subset of these all having the same form were chosen for study. The form chosen was that for which the drift was begun during the imaging period, i.e., after equi-
In a situation where one assumes that the tissue is in equilibrium and treats it accordingly, what are actually measured as tissue concentrations during a measurement interval 0 � T are the following averages:
OEF error data were computed for two different cases. The first was the case in which the drift occurred during the O 2 measurement and the second was for the case in which the drift occurred during the CO, measurement. If a drift occurs only in the 0 2 measurement, the systematic error in CMR0 2 will be the same as that in OEF; but if J Cereb Blood Flow Me/abol, Vol. 5, No.4, 1985 librium was achieved, and continued until the end of the imaging period. This is realistic in terms of start time, since, for a patient study, the establishment of equilibrium would be monitored before the commencement of im aging. The continuation of the drift to the end of the study avoids an ambiguity in the interpretation of results, since it represents a limiting case in the sense that all situations where the drift stops before the end of the study will result in smaller errors. Drifts that result in an increasing arterial activity concentration with time were studied.
Examples of the effect of these linear drifts on f and E for various cases are shown in Figs. 3 and 4 for a range of f from 0 to 1 ml/g/min, a range of E from 0 to I, drift durations of 25-75% of the imaging time, drift rates of 1-5%, and imaging times of 4 and 10 min.
Tissue inhomogeneity effects. Virtually all models pro posed to date for the computation of flow and metabolic data from PET measurements assume that tissue ele ments of volume on the order of the technique's resolu- tion (�O.5-1 cm3 at present) consist of a single homo geneous tissue type and therefore treat each tissue ele ment as a single compartment. In reality, almost all such elements contain a mixture of cerebral gray and white matter. To characterize systematic errors in OEF and CMR0 2 introduced by the effects of such inhomogeneity, a series of computer simulations were carried out. In these simulations it was assumed that a given tissue volume contained a fraction of gray matter WI having flow fl and extraction EI and a white matter fraction 11'2 having flow f2 and extraction E2 (n ote that in normal tissue and in many other instances E I = E2). Under these assump tions, the extraction fraction estimated for the single com partment model will be 
The actual weighted extraction for such a tissue ele ment will, however, be w.J;EI + wJ2E2 E= wlf; + wJ2 (14) where the weightings of EI and E2 are chosen so that E represents the fraction of incoming tracer molecules ex tracted.
The single-compartment extraction computed from the equilibrium model via Eq. 13 was compared with the ac tual extraction computed via Eq. 14 as a function of the fraction of gray matter in the tissue element of interest at various flow values. Two representative cases are shown in Fig. 5 (left) : a situation in which gray matter extraction is increased and one in which it is decreased compared with white matter extraction.
Several workers (Lammertsma et aI., 1981a ; Her scovich and Raichle, 1983) have studied the effects of tissue inhomogeneity on flow estimates from the equilib rium model. Figure 5 (right) shows a representation of this effect as a function of the fraction of gray matter in the element of interest at different flow values. The par tition coefficient of water is assumed to be 1 for both tissue types in this computation. If the OEF is uniform, the error in CMR0 2 due to tissue inhomogeneity is equal to the error in flow. When the error in OEF is different in the two tissue types, the error in CMR0 2 is a combi nation of the errors due to flow and extraction and is given by Eq. 9.
Eff ects of patient motion. Another potential source of systematic error in OEF, and thus in CMR0 2 estimates, is that due to discrete motion of the subject between the C I 50 2 and the 150 2 measurements. To quantitate this ef fect, a simple model consisting of linear shifts of one set of pixels with respect to another was studied. This model, illustrated in Fig. 6 (l eft) , assumes that the activity in one 
where the + sign is associated with shifts in the direction of the gradient and thesign with shifts opposite in direction to the gradient. When the gradient is in the denominator, the following relationship holds:
where, in this case, the + sign is associated with shifts in a direction opposite to that of the gradient. Plots of these errors as a function of shift and gradient size are shown in Fig. 6 (right) .
RESULTS AND DISCUSSION
All techniques proposed to date for the tomo graphic measurement of OEF and CMR02, in cluding the equilibrium inhalation technique, are subject to both systematic and random errors. Par ticular techniques minimize the effects of some er- rors at the expense of others. Thus, no method is likely to be a method for all occasions, and the in vestigator must be aware of the trade-offs and lim itations in each method to make appropriate choices for different situations. Issues that might impact the choice of a given method are the limitations of the tomograph and computer hardware used, subject comfort, and the particular experimental protocol to be carried out.
It is important to understand the effect of prop agated random (statistical) errors on estimates of flow, OEF, and CMR02 using the equilibrium in halation method. Such errors in flow have been ex tensively discussed by other workers (Jones et aI. , 1982; Lammertsma et aI. , 1982) . The expressions of Eqs, 6 and 7 can be used to compute the statistical precision of OEF (E) and CMR02 estimates from this method, taking into account the dependence of flow and OEF on CT' In general, as E � 0, the error in E goes as liE, and as E � 1, this error asymptotically approaches a constant value. Figure  1 (left) shows an example of the computation of the statistical error in OEF for the case in which both tissue concentration images contain 1 x 106 events range of E for this typical case, the precision of E varies from 5 to 10%. The precision of the CMR02 is illustrated for the same case in Fig. 1 (right) . It is proportional to flow at high flows and varies from 10 to 15% over the physiological ranges off and E.
Of the systematic errors discussed here for the equilibrium inhalation method, tissue inhomoge neity tends to be one of the more drastic. These errors for CBF measurements have been discussed by other workers (Lammertsma et aI. , 1981a; Her scovich and Raichle, 1983) . They have shown that underestimates in flow of as much as 25% may occur in extreme cases, but more typically the un derestimates are in the 10-20% range [see Fig. 5 (right) ]. For situations in which the OEF is uniform, the error in CMR02 is the same as the error in flow. Errors in OEF due to tissue inhomogeneity for a mixture of tissues with different flows and OEFs tend to be smaller than those due to some cancel lation effects. In the cases illustrated in Fig. 5 (left) , meant to represent a gray matter region with either increased or decreased OEF at several levels of gray matter flow, we find that the worst errors in OEF occur between 20 and 40% gray matter in the mixture. An increase of a factor of 2 in gray matter extraction results in an underestimate of OEF of up to 12%, whereas a decrease in gray matter extrac tion of a factor of 2 results in an overestimate of OEF of up to 14%. In this case, for �40% gray matter, the error in CMR02 as given by Eq. 9 is -35% for increased extraction but only 15% for decreased extraction due to cancellation of flow and OEF errors.
Unfortunately, the only way to deal with inho mogeneity errors is to minimize them by imaging very small tissue volumes or applying a correction to flow and metabolic estimates based on an a priori knowledge of the gray and white matter fractions present in a given tissue volume.
A second source of potentially large systematic errors in the equilibrium inhalation method is the incorrect estimation of the arterial blood radioac tivity concentrations used in the computation of OEF and CMR02• Similar errors for CBF estima tions have been discussed by other workers (Lam mertsma et al. , 1981 a) and are shown in Fig. 2  (right) . Systematic errors in any of the three mea sured arterial radioactivity concentrations CH, CA-' or C(j can contribute to a systematic error in OEF. A positive error in CH results in an underestimate in OEF that decreases with increasing OEF and is independent of flow. This error ranges from half the magnitude of the error in CH to twice its magnitude over the range of fractional error in OEF from 0. 2 to 0. 6 as illustrated in Fig. 2 (left) . A positive error in CA-results in a positive error in OEF that in creases with increasing OEF and is independent of flow. The error in OEF ranges from about 2.5 times the error in CA-at an OEF of 0. 6 to � 1. 5 times that error at an OEF of 0.2 as illustrated in Fig. 2 (left) .
Finally, a positive systematic error in Co results in an underestimate of OEF of the same magnitude. This error is independent of both flow and OEF (not illustrated). Negative systematic errors in the blood values result in errors in OEF having the same mag nitude as those illustrated but having opposite C'l gebraic sign. The error in CMR02 due to errors in several blood values may be obtained by combining the blood radioactivity errors additively in the spirit of Eq. 9. If there is an error in CH, there is also an error in CBF [Fig. 2 (right) ], which must be taken into account in the CMR02 error.
The source of arterial blood radioactivity concen tration errors is most likely to be in the experi mental methods used to measure these concentra tions. These include measurement of times used for radioactive decay corrections and errors in deter mining blood volumes. Since it is possible, by careful experimental technique, to minimize such errors, misestimates in OEF and CMR02 from this source can be kept below a few percent.
The systematic errors in CBF due to variations in the arterial input concentration have been studied by Meyer and Yamamoto (1984) . Similar results for the drift situations considered in this work are pre sented in Fig. 4 since they are pertinent to errors in CMR02• The effect of a positive drift during the O2 inha lation measurement on estimates of the extraction fraction were studied for 4-and 10-min imaging times. Sample results are illustrated in Fig. 3 . The flow dependence of this error is not very strong in general, but the overestimate introduced by positive drifts is slightly larger at larger flows. For 10-min imaging times, very large errors result for small E; but for E > 0.15, the worst case errors are for drifts lasting three-fourths of the imaging time. At 2%/ min, drift rates are within 10%. These errors are within 5% for 1%/min drift rates. For 4-min imaging times, the underestimates are <4% for all cases where E > 0.15. In the case of drifts in the 02 mea surement, the errors in E map directly into errors in the CMR02 estimate.
Drifts in the CO2 inhalation measurement also cause errors in the estimates of E. These, in fact, tend to have the largest effect on OEF as illustrated in Fig. 3 . Again, for E > 0.15, the errors are very large. For larger E, at 2%/min drift rate and positive drift, systematic underestimates of up to 15% may result for 10-min imaging times and long drift du rations. For smaller drift rates and/or shorter im aging times, these errors are all within 10%. Since, in this case, the drift introduces underestimates in both flow and extraction (see Fig. 4 ), the resulting error in CMR02 may be as large as 25% for E > 0. 15.
J Cereb Blood Flow Me/abol, Vol. 5, No.4, 1985 Drifts in the input function arise from several sources including instabilities in the cyclotron and variations in the breathing dynamics of the subject. The former are easily dealt with by automated mon itoring and feedback control of the gas delivered to the subject. The latter, however, are more difficult to deal with. In practice, the situation can routinely be controlled to the extent that systematic errors due to drift can be kept to within a few percent.
The final source of error discussed here is due to shifts in patient positioning between the 02 and CO2 studies. This can affect the estimates of both the OEF and the CMR02• As can be seen from Fig. 6 , shifts of even half an imaging element can lead to significant errors when the activity distribution is changing over short distances within the image. For example, a half-element shift for a gradient of 0. 2 times the activity level per pixel can yield a 20% over-or underestimate in the ratio between the two image elements. These types of errors can be min imized by using a head immobilization system as suggested by several workers (Mazziotta et aI. , 1982; Bergstrom, 1981) .
Overall, for most of the systematic errors in the equilibrium method discussed here, the contribu tion from each can be kept to within a few percent by careful attention to experimental setup and careful measurement technique. The major excep tion at this point in time is the effect of tissue in homogeneity, which under some circumstances can contribute relatively large errors. The next gener ation of PET scanners, now under development, will have spatial resolutions on the order of 0.1 cm 3 as opposed to the current 1 cm 3 and therefore should moderate this effect considerably.
